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Abstract. Parity-odd non-Gaussianities create a variety of temperature bispectra in the
cosmic microwave background (CMB), defined in the domain: ℓ1 + ℓ2 + ℓ3 = odd. These
models are yet unconstrained in the literature, that so far focused exclusively on the more
common parity-even scenarios. In this work, we provide the first experimental constraints
on parity-odd bispectrum signals in WMAP 9-year temperature data, using a separable
modal parity-odd estimator. Comparing theoretical bispectrum templates to the observed
bispectrum, we place constraints on the so-called nonlineality parameters of parity-odd tensor
non-Gaussianities predicted by several Early Universe models. Our technique also generates
a model-independent, smoothed reconstruction of the bispectrum of the data for parity-odd
configurations.
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1 Introduction
Due to recent experimental progress in Cosmic Microwave Background (CMB) observations,
it has now become possible to investigate primordial non-Gaussianities (NGs) with nearly
cosmic-variance-limited accuracy [1, 2]. The most stringent NG constraints to date have been
obtained from temperature bispectrum estimation of Planck data [2]. Forthcoming analyses
of Planck polarization data are expected to further improve on current limits [3, 4].
All previous bispectrum estimations are based on the assumption of parity symmetry,
namely ℓ1+ ℓ2+ ℓ3 = even. On the other hand, some Early Universe scenarios predict parity-
odd graviton NGs [5–12]. In such case, the resulting temperature bispectra appear in the
parity-odd domain (ℓ1 + ℓ2 + ℓ3 = odd) [8, 9, 12, 13]. These theoretical predictions motivate
us to study these yet unconstrained parity-odd signals in observed CMB data.
In a previous paper [14], we have developed a general methodology for estimating parity-
odd CMB bispectra. This essentially consists in an extended version of the so-called separable
modal methodology already adopted for parity-even bispectra [15–19]. In this approach, the
bispectra under study are decomposed as a sum of separable modal basis templates, and
this decomposition is then exploited to achieve fast estimation by means of a KSW approach
[4, 20–27].
The main goal of this paper is to constrain the parity-odd bispectrum from observed
temperature data by use of the parity-odd separable modal estimator [14]. Our dataset will
consist in the coadded V+W WMAP 9-year data [1].
As we will see, the parity-odd bispectra under examination are negligible at high-ℓ
(ℓ ≃ 250), so that the resolution of the WMAP dataset already allows to get close to optimal
temperature constraints (our technique is currently implemented only for temperature bis-
pectra. The inclusion of polarized bispectra will be discussed in a forthcoming publication
[28]).
Before delving into actual data analysis, we validate our estimator by analyzing simu-
lated NG maps with given nonlinearity parameter fNL. After this preliminary step, we move
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on to compute the “modal coefficients” βn (see section 3) and reconstruct the parity-odd
temperature bispectrum from WMAP data.
We then fit the observed bispectrum to different theoretical parity-odd shapes to obtain
WMAP constraints on parity-odd fNL. We focus on three specific Early Universe models,
associated respectively with Weyl gravity [8], a rolling pseudoscalar [12], and large-scale
helical primordial magnetic fields (PMFs) [9]. The former two models predict equilateral-
type graviton NGs, while the tensor NG created in the helical PMF model is amplified in
the squeezed limit.
This paper is organized as follows. In the next section, we review the parity-odd separa-
ble modal estimator, following the treatment of ref. [14], and check its validity on simulations.
In section 3, we estimate βn from the WMAP data, and reconstruct the WMAP tempera-
ture bispectrum. Section 4 presents constraints on parity-odd fNL associated with the Weyl,
pseudoscalar and helical PMF models. In the final section we provide our comments and
conclusions.
2 Parity-odd separable modal estimator
In this section, we start by summarizing our implementation of an optimal modal NG es-
timator for parity-odd CMB bispectra [14]. We then check its validity using simulated NG
maps, in view of the following bispectrum analysis of WMAP data.
2.1 Analytic expression
An estimator for measuring the strength of primordial NG basically correlates theoretical
bispectrum templates to the observed three-point function:
E = 1
N2
∑
ℓimi
(
ℓ1 ℓ2 ℓ3
m1 m2 m3
)
Bℓ1ℓ2ℓ3(−1)ℓ1+ℓ2+ℓ3
[
aℓ1m1aℓ2m2aℓ3m3
Cℓ1Cℓ2Cℓ3
−aℓ1m1
Cℓ1
〈aℓ2m2aℓ3m3〉MC
Cℓ2Cℓ3
− aℓ2m2
Cℓ2
〈aℓ3m3aℓ1m1〉MC
Cℓ3Cℓ1
− aℓ3m3
Cℓ3
〈aℓ1m1aℓ2m2〉MC
Cℓ1Cℓ2
]
,(2.1)
where Bℓ1ℓ2ℓ3 is a given theoretical bispectrum with fNL = 1, aℓm and Cℓ are the observed
CMB coefficients and power spectrum, respectively, 〈· · ·〉MC denotes an ensemble average of
Gaussian realizations, and
N2 ≡
∑
ℓ1ℓ2ℓ3
(−1)ℓ1+ℓ2+ℓ3 B
2
ℓ1ℓ2ℓ3
Cℓ1Cℓ2Cℓ3
(2.2)
is a normalization factor.1 All experimental features, such as beams, noise, galactic and point
source masks, are assumed to be included in the formula above. The form of the estimator
displayed here is based on the so-called diagonal covariance approach; namely, we ignore the
off-diagonal components of the covariance matrix, essentially replacing (C−1)ℓ with 1/Cℓ.
This approximation produces in principle suboptimal weights. However, the Planck team
[2] recently showed that the diagonal approximation can be adopted with minimum loss of
optimality (∼ 5%) by resorting to a simple recursive inpainting pre-filtering procedure. We
will adopt this approach in our present analysis.
1Note that we here express the estimator identical to ref. [14] with different notations.
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The CMB temperature bispectrum sourced by parity-odd NG models always takes pure
imaginary numbers and is characterized by the following ℓ-space domain:
ℓ1 + ℓ2 + ℓ3 = odd , |ℓ1 − ℓ2| ≤ ℓ3 ≤ ℓ1 + ℓ2 . (2.3)
It will be convenient for us to introduce a “spin-weighted reduced bispectrum”, bℓ1ℓ2ℓ3 , given
by
Bℓ1ℓ2ℓ3 ≡ h{xyz}ℓ1ℓ2ℓ3bℓ1ℓ2ℓ3 , (2.4)
hx y zℓ1ℓ2ℓ3 ≡
√
(2ℓ1 + 1)(2ℓ2 + 1)(2ℓ3 + 1)
4π
(
ℓ1 ℓ2 ℓ3
x y z
)
, (2.5)
where the notation {a, b, c} means permutations over the indices a, b and c: A{aAbAc} ≡
1
6AaAbAc+5 perms in a, b, c, and we shall choose the spin set as (x, y, z) = (1, 1,−2) without
loss of generality. In principle, the parity-odd CMB bispectrum cannot be written in separable
form, since it only arises from higher spin perturbations, i.e., vector or tensor modes, and
the k dependence of the resulting primordial NG is generally tangled. For non-factorizable
templates, the estimator (2.1) is unfortunately characterized by a computationally unfeasible
O(ℓ5max) scales. However, as shown below, this computational difficulty can be overcome, if
such non-separable bispectrum can be approximately expanded in terms of a finite sets of
(non-orthonormal) real separable basis elements (modes), which we denote as:
vℓ1vℓ2vℓ3
i
√
Cℓ1Cℓ2Cℓ3
bℓ1ℓ2ℓ3 =
∑
ijk
αQijkQijk(ℓ1, ℓ2, ℓ3) , (2.6)
Qijk(ℓ1, ℓ2, ℓ3) ≡ q{i(ℓ1)qj(ℓ2)qk}(ℓ3) ∈ R , (2.7)
where vℓ is an arbitrary weight function to adjust total the ℓ scaling (it can be tuned in
order to improve convergence). The separability of the basis bispectrum templates, and the
orthonormality of the spin-weighted spherical harmonics, allow to rewrite the estimator using
the expansion coefficients αQn and β
Q
n :
E =
∑
n α
Q
n β
Q
n∑
np α
Q
n γnpα
Q
p
, (2.8)
where γnp ≡ 〈Qn, Qp〉o denotes the inner product of the modal bases in the parity-odd
domain, defined as
〈f, g〉o ≡
∑
ℓ1+ℓ2+ℓ3=odd
(
h
{xyz}
ℓ1ℓ2ℓ3
vℓ1vℓ2vℓ3
)2
f(ℓ1, ℓ2, ℓ3)g(ℓ1, ℓ2, ℓ3) , (2.9)
and for convenience the triples ijk, associated to a given template Q, were labeled by means
of a single index n. Note that αQn and β
Q
n only take real numbers also in the parity-odd case,
so that both numerator and denominator in the estimator expression (2.8) are real, making
the measured fNL always real valued. The α
Q coefficients are associated to the expansion of
the theoretical bispectrum template via formula (2.6), while the βQ coefficients are connected
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with the observed aℓm through the definition:
βQijk ≡
1
i
∫
d2nˆ
[
{−xM
(o)
{i −yM
(e)
j −z}M
(e)
k} − 3
〈
{−xM
(o)
{i −yM
(e)
j
〉
MC
−z}M
(e)
k}
+{−xM
(e)
{i −yM
(o)
j −z}M
(e)
k} − 3
〈
{−xM
(e)
{i −yM
(o)
j
〉
MC
−z}M
(e)
k}
+{−xM
(e)
{i −yM
(e)
j −z}M
(o)
k} − 3
〈
{−xM
(e)
{i −yM
(e)
j
〉
MC
−z}M
(o)
k}
+{−xM
(o)
{i −yM
(o)
j −z}M
(o)
k} − 3
〈
{−xM
(o)
{i −yM
(o)
j
〉
MC
−z}M
(o)
k}
]
, (2.10)
with the parity and spin-dependent pixel-space maps defined by
xM
(o/e)
i (nˆ) ≡
∑
ℓ=odd/even
∑
m
qi(ℓ)
aℓm
vℓ
√
Cℓ
xYℓm(nˆ) . (2.11)
The pixel-space cubic statistics above is manifestly separable and can evaluated with O(ℓ3max)
numerical operations. Starting from the input (not necessarily factorized) bispectrum tem-
plate bℓ1ℓ2ℓ3 , we can extract the coefficients α
Q
n from
αQn =
∑
p
γ−1np
〈
vℓ1vℓ2vℓ3bℓ1ℓ2ℓ3
i
√
Cℓ1Cℓ2Cℓ3
, Qp(ℓ1, ℓ2, ℓ3)
〉
o
. (2.12)
Correlating the vector αn (theory) with the vector βn (observation) we arrive at computa-
tionally feasible implementation of an estimator for fNL.
Although Qn is a complete but not orthonormal basis, we can also generate a complete
orthonormal basis by means of a suitable rotation in bispectrum space. The orthonormal
basis templates will be called Rn, and they are given by Rn =
∑
p λnpQp, where λ is a lower
triangular matrix implicitly defined by the condition γ−1 = λ⊤λ. The bispectrum can be
expanded as a linear combination of Rn:
vℓ1vℓ2vℓ3
i
√
Cℓ1Cℓ2Cℓ3
bℓ1ℓ2ℓ3 =
∑
n
αRnRn(ℓ1, ℓ2, ℓ3) , (2.13)
αRn =
〈
vℓ1vℓ2vℓ3bℓ1ℓ2ℓ3
i
√
Cℓ1Cℓ2Cℓ3
, Rn(ℓ1, ℓ2, ℓ3)
〉
o
, (2.14)
and we obtain
E =
∑
n α
R
nβ
R
n∑
n(α
R
n )
2
. (2.15)
For consistency checks, both estimator forms (2.8) and (2.15) are applied in the following
bispectrum analyses.
By use of the above equations, we can also easily show that the ensemble average of βRn
of the NG maps sourced by a theoretical bispectrum is given by αRn :〈
βRn
〉
= fNLα
R
n . (2.16)
Hence, if βRn can be accurately extracted from particular observational data, we can recon-
struct the parity-odd CMB bispectrum from the data with
bobsℓ1ℓ2ℓ3 =
i
√
Cℓ1Cℓ2Cℓ3
vℓ1vℓ2vℓ3
∑
n
βRnRn(ℓ1, ℓ2, ℓ3) . (2.17)
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ideal: fsky = 1 WMAP: fsky = 0.688
average 5.09 5.16
1σ error 0.89 1.08
Table 1. Average values of fPNL× 10−4 estimated from 100 simulated NG maps with an input value:
fPNL = 5× 104 in the pseudoscalar model, and the 1σ errors estimated from 1000 simulated Gaussian
maps, assuming the ideal full-sky noiseless and WMAP-like experiments. The average values recover
the input value 5 × 104 and the error bars are almost identical to the values expected in the Fisher
matrix forecast, namely δfNL = 1/
√
fskyF = 0.90×104 (ideal) and 1.08×104 (WMAP), respectively.
Of course the fact that we are truncating the sum above to a finite number of templates
implies that we are producing a smoothed reconstruction of the actual data bispectrum. We
will perform this bispectrum reconstruction from WMAP data in section 3.
2.2 Numerical tests with simulated non-Gaussian maps
Before moving to actual data analysis, we checked the validity of our estimators and numerical
approaches by estimating fNL from realistic simulated NG maps with known fNL. Since in
this work we applied our pipeline to the analysis of WMAP 9-year data, our simulation
were also produced at WMAP resolution, taking ℓmax = 500 and HEALPix nside = 512
corresponding to O(106) pixels in the maps.
We considered tensor-mode nonlinearity parameter in the pseudoscalar model, and mea-
sured (fPNL, defined in section 4), from 100 simulated NG maps. We chose an input f
P
NL of
5×104, corresponding, for the model under examination, to an expected NG detection, for a
WMAP-like experiment, at ∼ 5σ significance. The parity-odd NG maps were produced using
the fast separable modal-based algorithm discussed in ref. [14]. The tests were performed
both on “ideal” full-sky noiseless NG maps and on more realistic simulation including WMAP
instrumental features [1, 29]. More specifically, we accounted for partial-sky coverage, using
the KQ75 mask (recommended by the WMAP team for NG studies of WMAP data), and in-
cluded an anisotropic noise component. As for the actual data analysis, we inpainted masked
regions using the simple recursive inpainting technique described in ref. [2]. Error estimation
is done Monte Carlo, using 1000 Gaussian simulations both for the “ideal” and “realistic”
case. The Monte Carlo averaging for linear term computation is performed on 500 Gaussian
realizations. For more technical details on our analysis we refer the reader to section 3.
In place of the usual vℓ = (2ℓ+1)
1/6 weighting, generally adopted for parity-even studies,
we here choose vℓ = (2ℓ + 1)
1/6(Cscalℓ /C
tens
ℓ )
1/2, with Cscalℓ and C
tens
ℓ denoting theoretical
scalar-mode and tensor-mode temperature power spectra, respectively. This choice achieves
faster convergence of the modal decomposition when tensor bispectra are involved. With
this choice, we see that convergence (for parity-odd models), at WMAP angular resolution,
is achieved with 30 basis templates, while the old vℓ = (2ℓ+1)
1/6 weighting needs more than
200 basis templates. Our basis templates are composed of polynomial eigenfunctions and a
special mode function enhanced at the squeezed limit (located at n = 1), which have been
used in the parity-even bispectrum analysis by the Planck team [2].
Table 1 describes the results of our validation tests. We report recovered mean values
and 1σ errors on fPNL, both for the all-sky noise-free ideal case, and for WMAP-like sim-
ulations. We thus confirm, according to theoretical expectations, that our parity-odd fNL
estimator is both optimal and unbiased.
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Figure 1. Average values of βRn obtained from 100 simulated NG maps in the pseudoscalar model
with fPNL = 5 × 104, namely
〈
βR
n
〉
, and a particular βR
n
of them with the 2σ error bars in the ideal
(top panel) and WMAP-like (bottom panel) analyses. For reproducibility check, we here also plot
the input modal coefficients, namely fPNLα
R
n . Note that each curve in the ideal and WMAP-like cases
are sourced by the identical random Gaussian seeds each other. Here we pick up first 15 modal
coefficients.
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Figure 1 plots the mean values of 100 βRn realizations (
〈
βRn
〉
), a particular βRn for a
single realization (with 2σ error bars), and the input modal coefficients fPNLα
R
n given by the
theoretical bispectrum in the ideal and WMAP-like cases. For comparison between the ideal
and WMAP-like test, simulations in the two cases have identical Gaussian random seeds. It
is obvious that, for both cases,
〈
βRn
〉
match well, within error bars, the theoretical fPNLα
R
n
coefficients, as expected from eq. (2.16). Again as expected, instrumental features (beam
shape, inhomogeneous noise, sky cut) change the βRn spectra and broaden the errors (see
blue curves).
The above results make us confident in the accuracy of our analytic derivation and
numerical treatment.
3 Reconstructed WMAP parity-odd bispectrum
Having validated our pipeline, we are now ready to extract parity-odd bispectrum information
from WMAP temperature data by means of the separable modal methodology.
Our input map is obtained by coadding the V and W band foreground reduced WMAP9
temperature maps [1, 29]. As a cross-check, we will also run our pipeline on raw maps. As
seen in the next section, the fNL constraints obtained in the two cases are very close, with
central values differing by no more than σ/2 in the most discrepant case. This suggests, on
one hand, that NG contribution from foreground contamination in the raw map, if present,
is already small and, on the other hand, that the foreground cleaning procedure did not
generate spurious NG from e.g. oversubtraction the foreground templates. Beams and hit
count maps for the different channels were obtained from the Lambda website [30]. As also
done for the validation phase, we adopt the KQ75 mask (fsky = 0.688) and fill masked regions
using the recursive inpainting procedure described in ref. [2].
As a further validity check, besides the parity-odd shapes of interest, we also constrain
standard parity-even NGs of the local, equilateral and orthogonal types. This allows us to
carry out a successful consistency check between our results and the output of the analysis
carried out by the WMAP team for the same shape. We then find that we are in very good
agreement with results from the WMAP team [1, 25, 31]
The first 200 modes of the βR coefficients extracted from WMAP temperature data are
displayed in figure 2. The variances are estimated from 500 Gaussian realization processed
as described in the previous section. Note that, being at this stage interested in bispectrum
reconstruction, rather than fNL estimation, here we decide to compute β
R
n using the standard
vℓ = (2ℓ + 1)
1/6 weighting. We find that this makes the estimation of βRn more stable for
high modal numbers (n > 50), with respect to the alternative vℓ = (2ℓ+1)
1/6(Cscalℓ /C
tens
ℓ )
1/2
“parity-odd weighting” (as explained above, αRn converges more slowly when expanding tensor
shapes with these weights; however we are not concerned with this issue at this stage, as we are
preforming a model independent analysis. Conversely, we are not worried about instabilities
at n > 50 with the parity-odd weighting, as we use this approach for fNL estimation, but in
that case we need only 30 modes to reconstruct accurately the theoretical shapes of interest
and fit to the data). It is apparent from the figure that the variance of each βRn properly
converges to its theoretically expected value, that is
√
〈(βRn )2〉 →
√
6/fsky ≃ 3. Most of our
βRn are totally consistent with 0. This is already telling us that parity-odd shapes are not
going to be detected at a high degree of significance, as it will be explicitly shown in the next
section. Let us emphasize again that our βRn are completely model-independent observables.
We can thus use the above results to obtain WMAP limits on all types of parity-odd NGs,
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Figure 2. Recovered modal coefficients βRn from the coadded V+W WMAP data. The 1σ errors are
estimated from 500 simulated Gaussian maps. As expected, they are close to a theoretically expected
value:
√
6/fsky ≃ 3.
and not just on the shapes analyzed in the next section (provided the additional parity-odd
templates can be expanded accurately using the 200 modes constrained here).
A straightforward substitution of the measured βRn into eq. (2.17) allows to reconstruct
the observed parity-odd part of the WMAP bispectrum. This is shown in figure 3. Of course,
as already noted for the βRn , the bispectrum configurations are well consistent with cosmic
variance and noise fluctuations. It is anyway visually apparent that all the highest values are
distributed around the equilateral configurations ℓ1 ≈ ℓ2 ≈ ℓ3. This, when fitting specific NG
templates to the data, will produce a slight preference for parity-odd equilateral NG with
respect to parity-odd squeezed NG, as shown in the next section (although in all cases we
will be well consistent with Gaussianity within error bars).
4 Constraints on parity-odd non-Gaussianities
In this section, we estimate the WMAP constraints on the parity-odd NGs predicted in three
Early Universe models, including the Weyl dual cubic action [6–8], a rolling pseudoscalar
[11, 12], and the helical primordial magnetic field (PMF) model [9].
In such theories, sizable primordial tensor bispectra can be created. These are written
– 8 –
Figure 3. 3D representation of the parity-odd CMB bispectrum (ℓ1 + ℓ2 + ℓ3 = odd) recovered from
the WMAP temperature data estimated with eq. (2.17).
in the form: 〈
3∏
i=1
h
(λi)
ki
〉
= (2π)3δ(3)
(
3∑
i=1
ki
)
Bλ1λ2λ3
k1k2k3
, (4.1)
where h
(λ)
k
is the gravitational wave on the spin λ = ±2 state, defined in δgTTij /a2 =∫
d3k
(2π)3
∑
λ=±2 h
(λ)
k
e
(λ)
ij (kˆ)e
ik·x, with e
(λ)
ij (kˆ) denoting a transverse and traceless polarization
tensor obeying e
(λ)
ij (kˆ)e
(λ′)
ij (kˆ) = 2δλ,−λ′ and e
(λ)∗
ij (kˆ) = e
(−λ)
ij (kˆ) = e
(λ)
ij (−kˆ) [32]. Parity vio-
lation arises when the equality between Bλ1λ2λ3 and their spin-flipped versions breaks (e.g.
B+2+2+2 6= B−2−2−2). This parity-odd information is directly projected into the parity-odd
ℓ1+ ℓ2+ ℓ3 domain of the CMB temperature bispectrum via harmonic transforms, as shown
in [32, 33], yielding:〈
3∏
i=1
aℓimi
〉
=
 3∏
i=1
iℓi
∫
d3ki
2π2
Tℓi(ki)
∑
λi=±2
−λiY
∗
ℓimi(kˆi)
〈 3∏
i=1
h
(λi)
ki
〉
≡ fNLBℓ1ℓ2ℓ3
(
ℓ1 ℓ2 ℓ3
m1 m2 m3
)
, (4.2)
– 9 –
-8
-6
-4
-2
 0
 2
 4
 6
 0  2  4  6  8  10  12  14
mode number n
Weyl fNL αn
pseudoscalar fNL αn
helical PMF fNL αn
WMAP βn
Figure 4. Comparison of the theoretical modal coefficients fNLα
R
n and the WMAP β
R
n with the 1σ
error bars. As fNL, we adopt the best-fit values constrained from the WMAP data. The n = 0 mode
expresses the constant component, while the n = 1 mode is sensitive to the squeezed-limit signals.
Here we present the first 15 modes.
where Tℓ(k) is the radiation transfer function of the tensor temperature mode. Such temper-
ature bispectra are only enhanced on large scales by the Integrated Sachs-Wolfe (ISW) effect
and hence the signal-to-noise ratios are saturated for ℓ & 100 [14].
To parametrize the amplitude of such tensor bispectra, we shall introduce two types of
fNL, using the squeezed- and equilateral-limit values of the λi = 2 bispectrum component,
and normalizing to the corresponding parity-even shapes:
f sqNL ≡ limk1→k2
k3→0
B+2+2+2
k1k2k3
Bζlock1k2k3(f
ζloc
NL = 1)
, (4.3)
f eqNL ≡ limki→k
B+2+2+2
k1k2k3
Bζeqk1k2k3(f
ζeq
NL = 1)
, (4.4)
where, as already mentioned, the normalizing factors at denominator are the usual local
(Bζlock1k2k3) and equilateral (B
ζeq
k1k2k3
) bispectra of curvature perturbations; in other words, the
fNL explicitly appearing in the formulae above are the usual nonlinearity parameters for
scalar NGs f ζlocNL and f
ζeq
NL .
In the following section, we consider three models giving rise to parity-odd NG described
by the above ansatz. We estimate fNL for each model, following the methodology summarized
– 10 –
in section 2. Contrarily to what done in the previous section, we now use the parity-odd
vℓ = (2ℓ + 1)
1/6(Cscalℓ /C
tens
ℓ )
1/2 weighting. In this way we achieve rapid convergence of the
αRn theoretical expansions, allowing us to obtain accurate fNL estimates with only 30 modes;
as mentioned in the previous section, the drawback of this weight choice is to produce some
numerical instabilities in βn estimation; however this happens only at high n, n > 50, hence
it is not of any concern here. For error bars estimation, and to compute linear terms, we use
our usual sets of 1000 and 500 inpainted Gaussian maps respectively. The observed βRn and
the theoretical coefficients fNLα
R
n for the three models are depicted in figure 4. We are now
going to describe our results model by model.
4.1 Weyl model
Parity violation of graviton NGs was firstly discussed in the framework of Weyl gravity [6–8].
Here we focus on signatures of a dual cubic action with time-dependent coupling [8]
S =
∫
dτd3x
f(τ)
Λ2
W˜αβγδW
γδ
σρW
σρ
αβ , (4.5)
where Wµνγδ and W˜µνγδ is the Weyl tensor and its dual, respectively, and Λ determines
a energy scale of this action. A running coupling f(τ) is simply assumed as a power-law
function of the conformal time, namely f(τ) = (τ/τ∗)
n, with a pivot scale τ∗ = −14 Gpc.
An explicit form of the gravitational wave bispectrum is [8]
Bλ1λ2λ3
k1k2k3
= 8
(
H
Mpl
)6(H
Λ
)2
sin
(nπ
2
) Γ(6 + n)
k6t (−ktτ∗)n
×iηijk
[
e
(−λ1)
kq (kˆ1)
{
−3e(−λ2)jm (kˆ2)e(−λ3)iq (kˆ3)kˆ3m + e(−λ2)mi (kˆ2)e(−λ3)mq (kˆ3)kˆ3j
}
+e
(−λ1)
pj (kˆ1)e
(−λ2)
pm (kˆ2)kˆ1kkˆ2l
{
e
(−λ3)
il (kˆ3)kˆ3m − e(−λ3)im (kˆ3)kˆ3l
}]
+5 perms in (k1, λ1), (k2, λ2), (k3, λ3) , (4.6)
where H is the Hubble parameter during inflation, Mpl ≡ (8πG)−1/2 is the reduced Planck
mass, ηijk is a 3D antisymmetric tensor and kt ≡ k1 + k2 + k3. Interestingly, owing to the
sine function, the parity-odd bispectrum vanishes for even n. In this paper we consider the
n = 1 case. The corresponding bispectrum is then maximized in the equilateral limit, due
to the k−6−nt dependence [8]. The amplitude of the bispectrum is determined by two free
parameters, H and Λ. Computing the equilateral-type normalization (4.4) and translating
H into the tensor-to-scalar ratio r, we can introduce the following nonlinearity parameter:
fWNL ≡ 3× 10−19
(
Mpl
Λ
)2
r4 . (4.7)
The 1σ error on fWNL expected in a noiseless full-sky measurement is δf
W
NL = 1.4× 102 [14].
The αR spectrum arising from this template is shown in figure 4. Partly as a consequence
of this bispectrum peaking in the equilateral limit, the n = 0 mode, that is the constant mode,
gives the largest contribution. We also see that αRn rapidly goes to 0 as the mode number n
increases, ensuring good convergence.
The estimator sum given by the products of αn and βn ((2.8) or (2.15)) yields the follow-
ing constraint on fWNL, with measured central value at around the edge of the 1σ confidence
interval:
fWNL = (1.5 ± 1.6) × 102 (68%CL) . (4.8)
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The central value is a bit smaller than the constraint estimated from the not foreground
reduced raw maps: fWNL = (2.2 ± 1.6)× 102.
4.2 Pseudoscalar model
A large tensor equilateral bispectrum can also be produced in an inflationary model where
the inflaton φ couples to a pseudoscalar χ, reading [34]
L = −1
2
(∂φ)2 − V (φ)− 1
2
(∂χ)2 − U(χ)− 1
4
FµνF
µν − χ
4f
Fµν F˜
µν , (4.9)
where Fµν ≡ ∂µAν − ∂νAµ and F˜µν are the field strength of the U(1) gauge field Aµ and
its dual, respectively, and f is a coupling constant like an axion decay constant. In this
scenario, the polarized gauge fields sourced by the dual term generate the parity-violating
NG gravitational waves because of the quadratic dependence of the energy momentum tensor
on Gaussian gauge fields. Then, interestingly, the resulting primordial tensor bispectrum can
be larger than the scalar one [11]; hence the CMB tensor bispectrum becomes the main NG
observable in this model.
The gravitational wave bispectrum is expressed as [12]
Bλ1λ2λ3
k1k2k3
≈ 4.3× 10−3P3X3Seqk1k2k3e
(−λ1)
ij (kˆ1)e
(−λ2)
jk (kˆ2)e
(−λ3)
ki (kˆ3)δλ1,2δλ2,2δλ3,2 , (4.10)
where Seqk1k2k3 = −(k−31 k−32 + 2 perms)− 2k−21 k−22 k−23 + (k−11 k−22 k−33 + 5 perms) is the usual
equilateral template, P ≈ 2.5× 10−9 is the scalar power spectrum and X ≡ ǫ e2piξ
ξ3
is given by
a slow-roll parameter for the inflaton ǫ and a rolling parameter for the pseudoscalar ξ ≡ ∂tχ2fH .
Due to the λi = +2 polarized nature in eq. (4.10), the resulting CMB temperature bispectrum
has parity-odd signals. It is amplified in the equilateral limit (ℓ1 ≈ ℓ2 ≈ ℓ3) because of Seqk1k2k2
dependence in eq. (4.10). Following the equilateral-type normalization (4.4), let us define a
nonlinearity parameter:
fPNL ≡ 10−14X3 (4.11)
The expected 1σ error given by the noiseless full-sky fisher forecast is δfPNL = 0.9× 104 [12].
As shown in figure 4, the resulting αR spectrum resembles the Weyl counterpart closely.
The ratio between the constant n = 0 mode and the squeezed n = 1 mode is larger, compared
with the Weyl case, because of the the pseudoscalar bispectrum is even more peaked on equi-
lateral configurations than the Weyl one already was. Also in this case, we find consistency
with Gaussianity:
fPNL = (0.8 ± 1.1) × 104 (68%CL) . (4.12)
In the raw map analysis, we obtain again a fully consistent central value: fPNL = (1.1±1.1)×
104.
4.3 Helical primordial magnetic field model
If PMFs (scaling like Bi ∝ a−2) spread beyond superhorizon scales in the deeply radiation
dominated era, prior to neutrino decoupling, their anisotropic stress fluctuations generate
gravitational waves, reading
h
(λ)
k
≈ −1.8ln(TB/Tν)
4πργ,0
e
(−λ)
ij (kˆ)
∫
d3k′
(2π)3
Bi(k
′)Bj(k− k′) , (4.13)
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where ργ,0 is the present photon energy density, and TB and Tν ≃ 1 MeV are energy scales of
the PMF generation and neutrino decoupling, respectively. Assuming stochastic creation of
PMFs, the gravitational waves become highly NG (chi-square) fields because of the quadratic
dependence on Bi. The PMF power spectrum may be generally parametrized by [35]
〈Bi(k)Bj(k′)〉 = (2π)
3
2
[
PB(k)(δij − kˆikˆj) + iηijkkˆkPB(k)
]
δ(3)(k+ k′) , (4.14)
where
PB(k) ≡ (2π)
nB+5B21
Γ
(
nB+3
2
)
( 2π1 Mpc )
nB+3
knB , PB(k) ≡ (2π)
nB+5B21
Γ
(
nB+4
2
)
( 2π1 Mpc)
nB+3
knB , (4.15)
are the power spectra of the non-helical and helical PMFs normalized at 1 Mpc, respectively.
For a nearly scale-invariant case: nB = nB = −2.9, the parity-odd components of the
gravitational wave bispectrum are given by [9]
Bλ1λ2λ3
k1k2k3
≈ 0.6
[
ln(TB/Tν)
4πργ,0
]3
k3∗PB(k∗)
[
PB(k1)
λ2
2
PB(k2) + 5 perms
]
×e(−λ1)ij (kˆ1)e(−λ2)jk (kˆ2)e(−λ3)ki (kˆ3) , (4.16)
where k∗ = 10 Mpc
−1 is a normalization scale. This has peaks at the squeezed limit due to the
localized structure of gravitational waves (4.13); the resultant CMB bispectrum is thus also
peaked on squeezed triangles, i.e., ℓ1 ≈ ℓ2 ≫ ℓ3. Following the squeezed-type normalization
(4.3), the nonlinearity parameter is defined by the combination of the magnetic field strengths
and the energy scale of the PMF generation epoch, reading
fHNL ≡ 8
(
B1
1 nG
)4( B1
1 nG
)2( ln(TB/Tν)
ln(1017)
)3
. (4.17)
The expected 1σ error in the ideal noiseless full-sky experiment becomes δfHNL = 1.3 × 103.
Figure 4 shows, as expected, that the αR spectrum of this model takes its largest con-
tribution from the n = 1 squeezed mode. We already showed, when discussing bispectrum
reconstruction, that squeezed modes are totally suppressed in the data, hence our final con-
straint is again fully consistent with Gaussianity, with fNL well within the 1σ interval:
fHNL = (−0.6 ± 1.5)× 103 (68%CL) . (4.18)
Also for this model, the central value in the raw map analysis is only very slightly different,
namely fHNL = (−0.9 ± 1.5) × 103. Assuming PMF generation at GUT energy scale, i.e.,
TB/Tν ≈ 1017, and positiveness of PB, the 2σ constraint yields the upper bound: B2/31 B1/31 <
2.6 nG.
5 Conclusion
We have presented the first constraints on parity-odd NG by means of a modal bispectrum
analysis of WMAP9 data. After validating our bispectrum estimation pipeline on simula-
tions including realistic experimental features, we initially extracted a model-independent
smoothed reconstruction of the data bispectrum in the parity-odd domain. Both are our
– 13 –
modal expansion and bispectrum reconstruction shows consistency with Gaussianity, and
larger fluctuations in the equilateral limit (although still consistent with 0 within error bars).
Fitting modal expansion of theoretical bispectrum templates to our reconstructed data
bispectrum, we have constrained three specific models giving rise to parity-odd NG, namely
a Weyl cubic action, a rolling pseudoscalar and large-scale helical PMFs. The nonlinearity
parameters fNL have been found to be well consistent with 0, with equilateral-type models
(Weyl and rolling pseudoscalar) producing slightly larger values than the squeezed PMF
template, as expected from the model-independent part of the analysis.
In the future, Planck and possibly some proposed surveys like PRISM [36, 37] will
provide accurate CMB polarization data. As shown in refs. [12, 38], including polarization in
the estimators can generate a several-fold increase in the signal-to-noise ratios of parity-odd
tensor bispectra. A joint analysis including temperature, E-mode and B-mode bispectra from
the Planck dataset will provide interesting, more stringent constraints of these models in the
near future.
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